ABSTRACT Full-duplex (FD) technology is currently under consideration for adoption in a range of legacy communications standards due to its attractive features. On the other hand, cellular networks are becoming increasingly heterogeneous as operators deploy a mix of macrocells and small cells. With growing tendency toward network densification, small cells are expected to play a key role in realizing the envisioned capacity objectives of emerging 5G cellular networks. From a practical perspective, small cells provide an ideal platform for deploying FD technology in cellular networks due to its lower transmit power and lower cost for implementation compared with the macrocell counterpart. Motivated by these developments, in this paper, we analyze a two-tier heterogeneous cellular network, wherein the first tier comprises half-duplex macrobase stations and the second tier consists of the FD small cells. Through a stochastic geometry approach, we characterize and derive the closed-form expressions for the outage probability and the rate coverage. Our analysis explicitly accounts for the spatial density, the self-interference cancellation capabilities, and the interference coordination based on enhanced inter-cell interference coordination techniques. Performance evaluation investigates the impact of different parameters on the outage probability and the rate coverage in various scenarios.
I. INTRODUCTION
In half-duplex (HD) wireless communications systems, bi-directional communications between a pair of nodes is achieved with either frequency division duplexing (FDD) or time division duplexing (TDD). The former technique employs different frequency bands for the uplink (UL) and downlink (DL), whereas, in the latter technique, a single channel is shared in the time domain for both UL and DL. Such techniques however are not suitable to fulfil the envisioned requirements of next generation wireless systems [1] . Historically, simultaneous transmission and reception in wireless communications was deemed infeasible in practice due to the so called self-interference (SI), which is the interference generated by the transmitter of a radio on its own receiver. Recent developments in SI cancellation techniques [2] - [6] have led to the practical realization of FD radios. The feasibility of single-array FD transceivers has been presented in [7] and [8] . FD technology has a number of attractive features e.g., it can potentially double (theoretically) the ergodic capacity [9] , [10] , reduce the feedback delay [11] , decrease the end-to-end delay [12] , improve the network secrecy [13] and increase the efficiency of network protocols (e.g., medium access control [14] ).
On the other hand, small cells are gaining increasing popularity in the next generation cellular systems. Small cells provide an easy and cost-efficient deployment solution for capacity and coverage improvements over the conventional macro-centric networks [15] , [16] . The low-powered nature of small cells make them the ideal candidate for FD deployment considering that the self-interference (SI) is more manageable compared to the conventional high-power macro counterparts. This inspires and motivates the investigation for the feasibility and performance gains of FD small cells underlay heterogeneous cellular networks (HCNs).
An important issue for HCNs is the inter-cell interference, which arises due to the dense unplanned deployments of small cells, loud neighbors, and the closed subscriber group access. To mitigate this interference, 3GPP has recently standardized the enhanced Inter-Cell Interference Coordination (eICIC) technique in Release 10 [17] . eICIC provides interference cancellation techniques in time, frequency, and power control domains. When the subframes of macro cells and small cells are aligned, their control and data channel overlap with each other. Therefore, eICIC mitigates the interference on the control channel of small cells through Almost Blank Subframes (ABS) at small cells. During ABS, the macro BSs only transmits control channels and cell-specific reference signals, no user data would be transmitted, and it is transmitted using reduced power. This allows small cell BSs to schedule the associated users without interference from the macro BSs.
A. RELATED WORK
Recent studies on modeling and analysis of HCNs heavily rely on stochastic geometry framework [18] - [21] . Using these tools, comprehensive modeling and analysis of legacy HCNs has been carried out in [22] - [25] . In [26] , the authors have presented the outage probability, the average ergodic rate, and the minimum average user throughput for a downlink HD multi-tier HCNs. They have concluded that neither the number of BSs nor the tiers affect outage probability or average ergodic rate in an interference-limited full-loaded HCNs with unbiased cell association. These conclusions, however, may not hold in environments which are prone to higher interference, like HCNs comprising FD nodes.
FD-enabled wireless networks have been attracting growing interest, recently [27] . In [28] , the authors have derived the expression for the throughput of hybrid duplex heterogeneous networks composed of multi-tier networks, with access points (APs) operating either in bi-directional FD mode or downlink HD mode in each tier. The authors have concluded that having tiers with hybrid duplex BSs degrades the performance, while higher throughput was achieved when each tier operates in the same duplex, either HD or FD rather than a mixture of both. This motivates further research on two-tier HCNs with FD small cells and HD macrocells, instead of considering hybrid scenarios. In [29] , the authors have derived the downlink rate coverage probability of a user in a single-tier FD small cell network with massive MIMO wireless backhauls. In [30] , the authors have introduced an FD-assisted cross-tier inter-cell interference (ICI) mitigation scheme called fICIC, which operates on small cells compared to the standardized eICIC that operates on the macrocells. Such a change may lead to modifications on the current backhaul affecting feasibility of application. This motivates further investigation on the application of eICIC on FD-enabled HCNs to avoid legacy network modifications. In [31] , the authors consider a hybrid scenario where all BSs operate in FD mode. They derived a closed-form expression for the critical value of the self-interference attenuation power, which is required for the FD users to outperform HD users. In [32] , the authors have considered a single tier mixed small cell network, where BSs operate in either HD or FD, with all users operating in HD. The effect of FD cells on the performance of the mixed system was presented, however, inter-cell interference coordination was not considered and only single tier was investigated.
B. CONTRIBUTIONS AND OUTLINE
Different from the aforementioned studies, our objective in this paper is to model and analyze an interferencecoordinated two-tier HCN with FD small cells. The key contributions of this paper can be summarized as follows.
• We formulate a tractable model for the interference coordinated two-tier HCN with FD small cells, wherein tier 1 comprises legacy HD macrocells and tier 2 consists of FD small cells. By explicitly accounting for spatial distribution of base stations, self-interference, transmit power, cell association, uplink power control and ABS factor, we provide signal-to-interference-plusnoise ratio (SINR) expressions for users in the corresponding two tiers. Specifically, the underlying model captures the DL scenario for tier 1 and both UL and DL scenarios for tier 2, since tier 1 and tier 2 operate in HD and FD mode, respectively.
• Based on the system model for two-tier HCN with FD small cells, we derive closed-form expressions for outage probability of different tiers. The final expressions explicitly account for interference coordination.
• We adopt the notion of rate coverage from [33] , and derive closed-form expressions for the corresponding two tiers.
• We conduct a comprehensive performance evaluation through numerical as well as simulation studies. We investigate the impact of various design parameters on network performance in various scenarios. The rest of the paper is organized as follows. Section II provides the system model. In Section III, we analyze the outage probability of two-tier HCNs with FD small cells. This is followed by rate coverage analysis in section IV. Numerical and simulation results are given in Section V. Finally, the paper is concluded in Section VI.
II. SYSTEM MODEL
Frequently used notations and symbols have been summarized in Table 1 . We consider a two-tier HCNs, where tier 1 comprises macro BSs operating in HD mode, and tier 2 consists of small cells operating in FD mode, as illustrated in Fig. 1 . Both tiers are spatially distributed in R 2 following homogeneous Poisson point processes (HPPPs) S 1 and S 2 , with intensities λ S 1 and λ S 2 , respectively, to represent the spatial distribution of BSs and small cells. All users operate in HD mode. The UL small cell users are spatially located in R 2 following the HPPP U 2 , with intensity λ u 2 , to represent the independent spatial distribution of the small cell users. Assuming that the intensity of DL users is high enough, and each user has data ready for transmission, such that saturated traffic conditions hold. We also assume that each small cell BS serves single active uplink user and single downlink user per channel, and each macrocell BS serves single active downlink user per channel. This assumption is justified due to the conclusions in [28] , that the highest network performance is achieved when each tier in the network operates in the same duplex, rather than having hybrid tiers. We assume that the UL users share the macro DL frequency to minimize the interference on the DL users, considering that the density of small cells is usually significantly higher than the density of macrocells. The full frequency reuse scenario is assumed, such that all the cells use the same frequency band. We assume that the channel coefficients are invariant in each block and vary between different blocks. Moreover, we assume that the channel h i,j between any pair of nodes i and j is impaired by Rayleigh fading, and the path loss is assumed to be inversely proportional to distance with the path loss exponent α.
We assume that the FD small cells are equipped with a single antenna and achieve FD capability through the techniques mentioned in [7] and [8] . A node in FD mode receives interference from its transmitted signal, and performs SI interference cancellation. Since the amount of SI depends on the transmission power at the receiver P S 2 , we define the residual self-interference (RSI) power after performing the SI cancellation as [28] , [34] , [35] ,
where domain algorithms [35] , [39] , [40] will make the modeling of H SI challenging. Therefore, in our analysis, we consider H SI to be a constant value. Please note that the analysis can still be easily extended to the case of random H SI within our framework. For instance, once the probability density function (PDF) of H SI is available for a certain SI cancellation algorithm, by averaging the analytic results presented in this paper, over the distribution of H SI , the results for the random H SI can be derived. We consider the maximum received power cell association rule in the downlink transmission of HCNs, adopting the flexible cell association without biasing [26] . In our case, the association probability A for the macrocells and the small cells can according to [26] be expressed by
and
respectively, In (2) and (3), P r S 1 and P r S 2 are the received power at the associating user from the macrocell and small cell BSs, respectively. Moreover, α 1 and α 2 are the path loss exponents of macrocells and small cells, respectively.
In this paper, we assume that the HCNs employs eICIC technique for interference mitigation due to it's wide usage and popularity, with ABS transmission factor of ρ defined as the ratio of ABS transmitted over the total transmitted frames.
A. DOWNLINK SINR OF MACROCELL USER
For a typical macrocell downlink user located at the origin u 0 1 , associated with its serving macrocell BS S * 1 , the SINR is expressed as
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where
is the interference from small cell uplink users, I S 2 is the interference from small cell BSs and I DL S 1 is the interference from other macrocell BSs.
In (4), P u 2 is the transmit power of UL user associated with small cell, h S *
, and R S 1 ,u 0 1 denote the distances between the typical downlink macrocell user and its associated macrocell BS, small cell users, small cell BSs, and other interfering macrocell BSs, respectively.
B. DOWNLINK SINR OF SMALL CELL USER
For a typical small cell downlink user located at the origin u 0 2 , associated with its serving small cell BS S * 2 , the SINR expression is given by
during non ABS transmission, while SINR expression during ABS transmission is given by
In (5) and (6) 
C. UPLINK SINR OF SMALL CELL BS
We assume that UL users utilize distance-proportional fractional power control of the form R α x [23] , where ∈ [0, 1] is the power control factor. Therefore, as users moves closer to the associated BS, the transmit power required to maintain the same received signal power decreases, which is a key issue for battery-limited users.
For a typical small cell BS in the uplink located at the origin S 0 2 , the SINR can be expressed as
given I UL u 2 denotes the interference from other small cell uplink users, I S 2 is the interference from other small cell BSs and I DL S 1 is the interference from macrocell BSs. When = 1, the numerator of (7) becomes P u 2 |h u * 2 ,S 0 2 | 2 , with the pathloss completely inverted by the power control, and when = 0, no channel inversion is performed and all the nodes transmit using the same power.
In (7) 
III. OUTAGE PROBABILITY ANALYSIS
In this section, we analyze the outage probability of two-tier HCNs with FD small cells, which is a metric that represents the average fraction of the cell area that is in outage at any time. We define the outage probability as the probability that the instantaneous SINR of a randomly located user is less than a target SINR τ . Since the typical user is associated with at most one tier, from the law of total probability, the outage probability is given as
where A k is the per-tier association probability given in (3) and (2), and O k is the outage probability of a typical user associated with k th tier, and K denotes the number of tiers. For a target SINR τ k and a typical user SINR k (x) at a distance x from its associated BS, the outage probability is given by
Considering the chosen network model of HD macrocells and FD small cells, the expression of the outage probability becomes
where O DL 1 , O DL 2 and O UL 2 denote the outage probability of macrocell downlink user, small cell downlink user, and small cell uplink BS, respectively, and are derived in the following section.
A. OUTAGE PROBABILITY OF MACROCELL DOWNLINK USER
The PDF of the distance between the typical macrocell user and the associated macrocell BS R S * 1 ,u 0 1 , is given similar to [26] as
where A S 1 is given in (2). , is given similar to [26] as 
for the pathloss exponents α j > 2.
Proof: See Appendix B
C. OUTAGE PROBABILITY OF SMALL CELL UPLINK BS
Since macrocells can only service one DL active user at a time, the UL users can only be associated to the FD small cells. Therefore, we assume that UL users are associated with 
for α j > 2.
Proof: See Appendix C.
IV. RATE COVERAGE ANALYSIS
In this section, we analyze the rate coverage of two-tier HCNs with FD small cells. The rate coverage is defined in [33] as the probability that a randomly chosen user can achieve a target rate , which is given by
Since the DL users can associate with either macro cells or small cells in open-access mode, the overall rate coverage for the chosen user in two-tier HCNs is given by
where A S 1 and A S 2 denote the probability that a user is associated with the macrocell or the small cell, and P R S 1 > |A S 1 and P R S 2 > |A S 2 denote the rate coverage conditioned on the association with the former and the latter, respectively. The rate achieved by a user associated with the tagged BS in the x th -tier is given by
where W is the bandwidth of the frequency band, N x is a random variable which denotes the average number of users associated with the tagged base station in the x th -tier, and SINR x is the received signal-to-interference-plus-noise-ratio from the serving base station for a user.
A. RATE COVERAGE FOR MACROCELL USERS IN THE DOWNLINK
In Rayleigh fading environments, the rate coverage for a macrocell DL user is given by
+N 0 is the cumulative interference from small cell UL users along with macrocell and small cell BSs, and the additive Gaussian noise, and κ 1 = 2
According to [33] , the distribution of the load associated with the x th -tier is given by
with the mean load E [N x ] = 1 + 1.28
, where (x) = ∞ 0 t x−1 e −t dt is the Gamma function, and A x denotes the association probability of the x th -tier. Hence,
Using the derivation of outage probability for macrocell DL users and (23), the final expression for DL rate coverage of macrocell users can be obtained through (22) . 
B. RATE COVERAGE FOR SMALL CELL USERS IN THE DOWNLINK
Following the same derivation approach, the rate coverage for DL small cell users is given by
where I = I UL 
Using the load distribution given in (23), (27) and (28), we obtain (18) at the bottom of the previous page
(r). (28) Finally, Using the derivation of outage probability for small cell DL users and (23), the final expression for rate coverage of small cell DL users can be obtained through (26) .
C. RATE COVERAGE FOR SMALL CELL BS IN THE UPLINK
Similarly, the rate coverage for UL small cell BS is given by
+N 0 is the cumulative interference from UL small cell users along with macrocell and small cell BSs, and the Gaussian additive noise. I = I UL u 2 + I S 2 + N 0 is the cumulative interference during ABS transmission.
Using the load distribution given in (23) and both (30) and (31) we obtain (25) at the top of this page
Finally, Using the derivation of outage probability for UL small cell BS and (23), the final expression for rate coverage of UL small cell BS can be obtained through (29) .
V. NUMERICAL AND SIMULATION RESULTS
In this section, we evaluate the performance of two-tier HCNs with FD small cells. Specifically, we investigate how different parameters affect network performance in terms of the outage probability and the rate coverage. The simulation methodology comprises independent realization of PPP distributions VOLUME 5, 2017 for the BSs of two tiers, followed by realization of user distribution and the association process. After that, outage probability and rate coverage are calculated based on the cumulative interference. The parameters used for the analysis and simulation are stated in Table 2 . Monte Carlo simulations have been conducted to obtain the results, averaged over 10000 iterations, which are then compared with numerical evaluation of the derived expressions. Fig. 2 plots the outage probability of a typical DL user associated with macrocell BS, small cell BS, and random type of BS in the DL, as a function of small cell BSs density λ 2 . We observe that the outage probability of macrocell DL user increases with increasing the small cell BS density. This results from the increase in aggregate interference from the small cell BSs, as shown in (4). Additionally, the outage probability of macrocell DL user decreases with increasing the transmit power at the macrocell BS, which is due to the increase in SINR at the typical downlink user associated with macrocell BS, as shown in (4) . Interestingly, for the typical downlink user associated with small cell BS, the outage probability decreases with increasing the small cell BS density. This is because densification of tier 2 reduces the inter-link distances between the typical downlink user and the associated small cell BS, as shown in (5). In addition, the outage probability of typical small cell DL user increase with increasing the transmit power at the macrocell BS, which is due to the increase in aggregate interference caused by macrocell BSs, as shown in (5). Finally, outage probability of a random DL user, which is defined as O DL 1 A 1 + O DL 2 A 2 , increases with both the increase of small cell density, and the decrease of transmit power of macrocell BS. This is because O DL 1 in the expression is lower than O DL 2 , therefore the expression reflects such tendency. Note that the simulation results closely follow the analytical results, and therefore, validate the analytical modeling. Fig. 3 plots the outage probability of macrocell DL user, small cell DL user, small cell UL BS, and a randomly located user versus the density of small cell BSs. In this figure, we focus on the impact of small cell BSs density on the outage probability of a randomly located user. Interestingly, we observe that the outage probability of a randomly located user is not significantly affected by the increase in the small cell BS density. It suffers from slight increase that results from aggregate interference from the small cell BSs, as shown in (13) . We also evaluate the impact of uplink power control factor, on outage. As shown by the results, a higher value of results in a higher outage probability, for small cell user in the uplink, due to reduced uplink transmit power as a consequence of more aggressive power control. The simulation results also closely follow the analytical results. Fig. 4 plots rate coverage for a random DL user and UL small cell BS versus the small cell BSs density. We note that the rate coverage of a random DL user decrease as the density of small cell BSs increases. This is because of increase in aggregate interference caused by small cell BSs, as seen in (4) . Similarly, the rate coverage of a random DL user decreases with increasing the transmission power of small cell BSs. On the contrary, rate coverage of an UL small cell BS increase with increase of small cell BSs density. This is due to the fact that densification reduces the inter-link distance between a user and it's associated BS, which can be verified by (7) . Similarly, the rate coverage of an UL small cell BS increases with increasing the transmission power of small cell BSs due to higher SINR of small cell UL BS as can be verified by (7) . We also evaluate the impact of uplink power control factor, on rate coverage. As shown by the results, a higher value of results in a lower rate coverage probability, for small cell user in the uplink, due to reduced uplink transmit power as a consequence of more aggressive power control. Fig. 5 plots the rate coverage of UL small cell BSs as a function of the ABS factor ρ. We note that the rate coverage of UL small cell BSs increases as ρ increases. This is because of the aggregate interference caused by macrocell BSs, which can be seen in (7) and (8) . Similarly, in Fig. 6 , the rate coverage of random DL users increases with increasing ρ for the same reason, which can be seen in (5) and (6) . Fig. 7 shows that the outage probability of a random user decreases as ρ increases. This is due to the fact that interference originated by macrocell BSs decreases with increasing ρ, as seen in (4) and (6) . Fig. 8 plots the relation between small cell UL rate coverage probability and the residual SI cancellation RSI = P S 2 .10 L dB /10 , where L dB is the ratio of RSI after interference cancellation is applied to the transmission power at the receiver. We observe that outage probability of a randomly located user is initially high, especially when SI cancellation capability is low (L dB < −15 ), then it decreases with increasing L dB , until it nearly stabilise beyond (L dB > −37 ). This is because the high SI cancellation capabilities improve the performance of FD links as can be seen in (7) . Additionally, we observe that the outage probability in high small cell densities is more sensitive to L dB variations. This is due to increased FD links in higher small cell densities since only the small cell BSs operate in FD mode.
In Fig. 9 , we plot the relation between small cell UL rate coverage probability and SI cancellation capability L dB . Since VOLUME 5, 2017 FIGURE 8. Outage probability as a function of the SI cancellation capability L dB . FIGURE 9. UL rate coverage probability as a function of the self-interference cancellation capability L dB .
only the small cell BSs operate in FD mode, SI only applies to those BSs. We note that the rate coverage increases with the increase of L dB . This is because higher SI cancellation improves the performance of FD links, as can be seen in (7) and (8) . Moreover, increasing the density of small cell BSs increases the rate coverage. This is due to the fact that more FD links exist in higher small cell densities.
VI. CONCLUSIONS
Unprecedented technological developments like network densification and FD communications will be crucial in shaping 5G radio access networks for achieving the envisioned capacity objectives. Realizing the FD capability at small cells is particularly attractive due to simplicity, superior SI cancellation (compared to macrocells), and widespread deployment. In this paper, we have investigated the performance of two-tier interference-coordinated HCNs with FD small cells.
We have derived closed-form expressions for outage probability and rate coverage in two-tier HCNs with FD small cells explicitly accounting for interference coordination between macro and small cells. Performance evaluation investigates the impact of different network parameters on both outage and rate coverage probabilities. The results demonstrate that the outage probability and the rate coverage improves with higher ABS factor and better underlying SI cancellation capabilities of FD small cells.
APPENDIX

A. PROOF OF THEOREM 1
From (10), the outage probability O DL 1 is given as
Starting with the Laplace transform of the interference originated from small cell UL users on the macrocell DL user, presented in (33), we have
where (b) is provided in [41] . Note that the integration limits in (34) are from 0 to ∞ since the small cell UL users can be at any distance from the DL macrocell users. Now, with a change of variables
In (36) 
for α 2 > 2. We finally derive the Laplace transform for the interference originated from macrocell BSs expressed in (33) using similar approach, as
for α 1 > 2. Now, plugging (35) , (37) and (38) into
given
where α j > 2. Therefore, the final expression for a randomly located macrocell DL user is given by (15) .
B. PROOF OF THEOREM 2
From (10), the outage probability O DL 2 , considering the adapted eICIC mechanism is given by
where ρ is the ABS transmission ratio.
Starting by the first term of (40), we have
(r)dr Similarly, the analysis of the second term in (40) of the outage probability during ABS subframes transmission is given as follows.
First, we consider the SINR expressed in (6) Therefore, the final expression for the outage probability for a randomly located DL small cell user, considering eICIC is given in (11).
C. PROOF OF THEOREM 3
From (10), The outage probability O UL 2 can be obtained by
Starting by the first term of (51), we have
(r)dr
Following the same steps used in previous derivations, taking into account the power control factor , we obtain the final expression of the UL small cell outage probability as given in (12) .
